Abstract. This article is devoted to the expansion of multiple Stratonovich stochastic integrals of fifth multiplicity, based on the method of generalized multiple Fourier series. We consider the expansion of multiple Ito stochastic integrals of fifth multiplicity (based on generalized multiple Fourier series) as the tool of the proof of the expansion for multiple Stratonovich stochastic integrals. As it turned out, expansions of multiple Stratonovich stochastic integrals are essentially simpler than expansions of multiple Ito stochastic integrals. The multiple Stratonovich stochastic integrals are the part of the Taylor-Stratonovich expansion. That is why the results of the article can be useful for numerical integrations of Ito or Stratonovich stochastic differential equations.
Introduction
In the section 2 we formulate the theorem (theorem 1) about the expansion of multiple Ito stochastic integrals of arbitrary multiplicity k, based on generalized multiple Fourier series [1] - [12] . The parcticular cases for k = 1, 3, 5 (k is a multiplicity of Ito stochastic integral) of the theorem 1 in transformed form are considered [1] - [12] . We will use these particular cases as the tool of the proof of the main theorem (theorem 5). The section 3 is devoted to the hypothesis (hypothesis 1) about expansion of multiple Stratonovich stochastic integrals of arbitrary multiplicity k, based on generalized multiple Fourier series [8] - [11] , [13] . The proof of the hypothesis 1 for the case k = 5 composes the subject of the article. In the section 4 we formulate 3 theorems (theorems 2-4), which are proven by the author and represent the particular cases of the hypothesis 1 for the cases k = 2, 3, 4 [7] - [11] , [14] - [18] . The section 5 is devoted to the proof of the hypothesis 1 for the case k = 5 (theorem 5).
Let (Ω, F, P) be a complete probubility space, let {F t , t ∈ [0, T ]} be a nondecreasing right-continous family of σ-subfields of F, and let f t be a standard m-dimensional Wiener stochastic process, which is F t -measurable for any t ∈ [0, T ]. We assume that the components f 1 {t l <t l+1 } ; t 1 , . . . , t k ∈ [t, T ]; k ≥ 2, and K(t 1 ) = ψ 1 (t 1 ); t 1 ∈ [t, T ], where 1 A is the indicator of the set A.
Suppose that {φ j (x)} ∞ j=0 is a complete orthonormal system of functions in L 2 ([t, T ]). The function K(t 1 , . . . , t k ) is sectionally continuous in the hypercube [t, T ] k . At this situation it is well known, that the multiple Fourier series of K(t 1 , . . . , t k ) ∈ L 2 ([t, T ] k ) is converging to K(t 1 , . . . , t k ) in the hypercube [t, T ] k in the mean-square sense, i.e. . . .
where
. . .
; g, r = 1, . . . , k}; l.i.m. is a limit in the mean-square sense; i 1 , . . . , i k = 0, 1, . . . , m; every
is a standard Gaussian random variable for various i or j (if i = 0); C j k ...j1 is the Fourier coefficient (5); ∆w
, which satisfies the condition (6).
Let's consider the transformed particular cases of the theorem 1 for k = 1, 3, 5 [1] - [12] (further we will use these cases for the proof of the theorem 5):
, where 1 A is the indicator of the set A.
Note that the convergence in the mean of degree 2n, n ∈ N in the theorem 1 is proven in [1] - [12] .
The Hypothesis About Expansion of Multiple Stratonovich Stochastic Integrals of Arbitrary Multiplicity k
The hypothesis about expansion of multiple Stratonovich stochastic integrals of arbitrary multiplicity k has been formulated by the author in [8] , p. 134 (see also [9] - [11] , [13] ).
Hypothesis 1 (see [8] - [11] , [13] ). Suppose that {φ j (x)} ∞ j=0 -is a complete orthonormal system of Legendre polynomials or trigonometric functions in the space L 2 ([t, T ]).
Then, for multiple Stratonovich stochastic integral of kth multiplicity
the following converging in the mean-square sense expansion
is reasonable, where the Fourier coefficient C j k ...j2j1 has the form
l.i.m. is a limit in the mean-square sense; every
is a standard Gaussian random variable for various i or j (if i = 0); w
-are independent standard Wiener processes (i = 1, . . . , m) and w
The hypothesis 1 allows to approximate multiple Stratonovich stochastic integral I * (i1...i k ) (λ1...λ k )T,t by the sum:
Integrals (12) -are integrals from the Taylor-Stratonovich expansion [24] - [27] (see also [1] - [11] ). It means, that approximations (14) may be useful for numerical integration of Ito or Stratonovich SDEs.
The expansion (13) has only one operation of limit transition and by this reason is comfortable for approximation of multiple Stratonovich stochastic integrals.
Expansions of Multiple Stratonovich Stochastc Integrals of Multiplicity 2 -4
As it turned out, expansions of multiple Stratonovich stochastic integrals, based on the theorem 1 are essentially simpler than expansions of multiple Ito stochastic integrals from the theorem 1. For the first time this fact is mentioned in [1] .
We begin the consideration from the multiplicity k = 2 because of according to (9) it follows that expansions for multiple Ito and Stratonovich stochastic integrals of first multiplicity are identical.
The following theorem adapts the theorem 1 for the integrals (2) of multiplicity 2 (the hypothesis 1 for the case k = 2).
Theorem 2 (see [8] - [11] , [14] ). Suppose that the following conditions are met:
-is a complete orthonormal system of Legendre polynomials or system of trigonometric functions in the space
Then, the multiple Stratonovich stochastic integral of the second multiplicity
is expanded into the converging in the mean-square sense multiple series
where the meaning of denotations introduced in the formulation of the theorem 1 is remained.
The following theorem adapts the theorem 1 for the integrals (2) of multiplicity 3 (the hypothesis 1 for the case k = 3).
Theorem 3 (see [9] - [11] , [14] ). Suppose that {φ j (x)} ∞ j=0 -is a complete orthonormal system of Legendre polynomials or trigonomertic functions in the space L 2 ([t, T ]), function ψ 2 (s) -is continuously differentiable at the interval [t, T ] and functions ψ 1 (s), ψ 3 (s) -are two times continuously differentiable at the interval [t, T ].
Then, for multiple Stratonovich stochastic integral of 3rd multiplicity
. . , m) the following converging in the mean-square sense expansion
is reasonable, where
another denotations see in the theorem 1.
The following theorem adapts the theorem 1 for the integrals (2) of multiplicity 4 (the hypothesis 1 for the case k = 4).
Theorem 4 (see [8] - [11] , [14] ). Suppose that {φ j (x)} ∞ j=0 -is a complete orthonormal system of Legendre polynomials or trigonometric functions in the space L 2 ([t, T ]).
Then, for multiple Stratonovich stochastic integral of 4th multiplicity
(i 1 , i 2 , i 3 , i 4 = 0, 1, . . . , m) the following converging in the mean-square sense expansion
Expansion of Multiple Stratonovich Stochastic Integrals of 5th Multiplicity, Based on the Generalized Multiple Fourier Series
The following theorem adapts the theorem 1 for the integrals (2) (ψ l (s) ≡ 1; l = 1, . . . , k) of multiplicity 5 (the hypothesis 1 for the case k = 5).
Theorem 5. Suppose that {φ j (x)} ∞ j=0 -is a complete orthonormal system of Legendre polynomials or trigonometric functions in the space L 2 ([t, T ]).
Then, for multiple Stratonovich stochastic integral of 5th multiplicity
Proof. Let's denote
j5 ,
j4 ,
j2 ,
j3 ,
j1 ,
where 1 A is the indicator of the set A.
Then from (11) if p 1 = . . . p 5 = p and ψ l (s) ≡ 1 (l = 1, . . . , 5) we obtain:
Using the method of the proof of the theorems 2-5 [6] - [11] , [14] and formulas (9) -(11) we obtain:
t3 dt 5 w. p. 1,
t1 dt 4 w. p. 1,
w. p. 1,
t1 dt 3 w. p. 1,
t1 dt 2 dt 5 w. p. 1,
where Let's substitute (19) - (21) into (18): (i 1 , i 2 , i 3 , i 4 , i 5 = 0, 1, . . . , m) .
From the other side the left part of (22) is represented (according to (17) ) as the following meansquare limit:
l.i.m. 
